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ABSTRACT

In this thesis, estimation of linear functions of the
parameters in a stochastic regression model and Lhe
prediction of the vector of future observations related
stochastically with a set of non-random variables, are
congidered. The wminimum mean squared linear unbiased
egtimator and a class of shrinkage estimators of the
parameters of interest are obtained. Properties of these
estimators are examined analytically aﬁd numerically.
However, analytic comparison of the estimators is not
possible. Therefore, the estimators are compared by means of
simulation. Our simulated results indicate that in the sense
of mean squared error the shrinkage estimators are hetter

than the minimum mean squared linear unbiased estimators.



CHAPTER 1

DESCRIPTION OF THE MOBEL AND REVIEW OF THE LITERATURE

1.1 Introduction

Rao (1968), Swamy (1971>, Maddala (1977, Chapter 17D
Swamy and Mehta ‘(19TB}, Harville (1976> and Pfeffermann .
(1984> studied stochastic regression models. Regression
models with random coefficients were proposed mainly +to
characterize situations where the coefficients vary over
certain domains. The coefficients may vary over tima, across
individuals strata, ete. Therefore, in some situations it
becomes necessary to resort to the random coefficients
models.

In thig chapter we shall briefly describe different
types of stochastic regression models that have been
considered by a number of authors,

Pfeffermann (1984> considered the following general

regression model with stochastic coefficients:

Y=X38+¢&8,

(1.1.1>
B=Awvr+ v,
vhere
Y is an (nx1) vector of observations,
X is an (axp2 matrix of Kknown values,
3 is a (px13 vector of unknown stochastic coefficients,
A is a (pxk> matrix of known values,

1 ig a known or unknown fixed <(kx1) vector,



& is an (nx1) vector of random errors,

v ig a {(px12 vector of randow disturbances,

and ECe) = 0 , ECee™> = £, C1.4.2>
ECvd = 0 R E¢vw™> = A, C1.1.3>
ECv £€7) =0 Ci1.4.4>

£ and A are known pogitive definite matrices.

Models in which the vectors of coefficients vary over
time were considered by Duncan and Horn (19725, Rosenberg
(1972> and Cooley and Prescot (1973>. In a cross—sectional
analysis employing regression madels, it is somet.imes
apprupriate Lo allow the vector of coefficients to vary over
different clusters of unite, Models in which the variation in
the vectors of coefficients is over different subgroups of
finite populations have been considered by Fay and Herriot
(1979> and Rubin (1980, However, in this case the Dbasic
model consists of M distinct regression relations :

Yy =X, By + £4 i1 =14, 2, ..., H 1.1.8>
where,
Y, is the (Nixl} vector of obervations drawn randomly
from the i'P subgroup of the populaion,
X, is the CNixko) matrix of input values,
3; i the k.,—vector of unknown regression coefficients
and €4 is the (Nixi) vector of random errors.

It is easily seen, that models of this kind are special

cases of the general model defined by (1.1.1> ~ (1.1.4>. For

this let.



"X, o0 . 0
X - 0 xz » o >

0 0 ... X
- =[]0, ... ﬂﬁ] ,  and
F = [ 81 82 PRI SM]

This shows that. the models in ¢1.1.8) can be expressed
in the form of the models described by €1.1.1> - (1.1.4)>.
Two models of this type that are often analysed in the

literature are described below.

Model a: The vectors 34, 4 =1, 2, ..., M in relation (1.1.8

can be considered as independent. drawings from a multivariate
distribution having E(3;> = v and E(B3;~12¢(3;-»d" = R. For
this wodel, A = [Iy @ Ikal where & denotes Kronecker product
and A = [IH @ R1.

Models of this kind are often used in econometrics +o
analyse time series and cross-sectional data (see Swamy

19712,

Model b: Furthermore assume that the vectors Bi, i=1, 2,

«» M in relation (1.1.8> may be generated by' a Markovian
structure of the form ﬁi+1 = P ﬁi * Vi 1= 0, 1, ...,
(M-1>, where P is a known (kuxka) transition matrix, v;’8s are

independent. yandom disturbances with variance covariance

matrix R andg B, ig a fixed starting state. This iz a typical

-3 -



Kalman filter model which usually appears in the engineering

literature (see Sarris 1973).

1.2 Estimation of Linear Function of Parameters

Plfefferimann (1984) considered the problem of estimation
of a linear function

W, 3> = Hi v o+ Wé 3, €1.2.1)>

where W1 and wz are known fixed vectors, of the stochastic
coefficient vector 3 and the fixed parameter vector .

He introduced the following notion:

Let L'Y be an estimator of WC(»,3). An estimator LY .nf

WC,3) is maid to be Z-unbiased if
Eﬁ[ LY - Wlw, 3 ] =0 C1.2.2>

where ¥ denotes the joint disribution of Y and 3. The

variance and the MSE of L’Y are given by

-

Var<L’Y) = L EE[ Y = EgCY) ] [ Y - E (¥ ] L

and

-

MSECLYD) = EE[ LY — W, @ ] ['L’Y -~ WCp, ® ]

respectively.

Further, an estimator L;Y is said to :he minimum mean
squared error linear unbiased estimator C(MMSLUE) of W, 30 ir
LY is £-unbiased and the MSE of LY is less than or egual to
the MSE of' any other linear ¥-unbiased estimator LY.

Swamy (1971> applied Gauss Markov theorem to obtain Lhe

MMSLUE’s of W({v and f3.



FPrfeffermann (19842 developed the MMSLUE of Wi, 3>, Ve
shall briefly discuss their findings in the following

sections.

1.3 Optimal Estiwmation of Hiv
To obtain an optimal estimator of W;v Swamy, (1971)
rewrote the model (1,1.1) ags Tollowsg :
Y=2X03+£e=XC(Av + vd) + ¢
=X Av+u | €1.3.1>
vhere u = X v + g
Ve observe from (1.1.1)> -~ (1.1.4> that
ECu> = 0 and ECuu™ = X A X™ + X = A €1.3.2>
Direct application of the deneralized Gauss Markov
theorem produces the MMSLUE of wiv. This generalizged least
squares estimator of Wiv is given by
Wivm Wl CATX AT x At A xt Aty cal3ad
falso see Fisk (1967)> and Swamy C1971)),
From (1.3.3> we have
ECW 0 = Wyw
and
ECW] Com1d Com1d "V, > = ViEAX ATIXA T A X A" AATIXA A x A" Ixar "Ly

=Wy A" x Al x Aty <1.3.4>
Chipman (1964> and Rao (1968b, PP 192> obtained the
MMSLUE of W(v, =W 1+ W3 when E(3> = Ap is known.
Their estimator of ¥(y,3> is given by |

va,ﬂ> = Wiv + WAL + wé&x’n”1 CY~XALD €1.3.5>

-8 ~
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From (1.3.8) we get

E§(§(v,ﬁ)} = W, v+ WA
and
Ey L HCw, B = WCo, @)Y (Ww, @ - Wew, @3 ]
= wlax a1 E, [Y-XALILY-XAv1 A" TXAW, + WE,Cvy W,
= WoaX A"lAa " xaw, + WAV,

= WX AT Xaw, + WA, €1.3.6)
1.4 Optimal Eslimation of W(y,3) when » ig unknown
Rao (1968ad> derived the MMSLUE of Héﬁ, assuming A = 1.
His estimator is given by
Wy 8= wox'=Tho ! xxly = W, b, Ci.4.1>
vwhere
b=cx ¥tyx>?tx =1y,
Clearly,
Eybd = ¢ X" ™8 x>™1 x7 571 B> = 4w
and

Ey Cb~AL) (bmAv) * = X’ s yesTlas~Iyex sy —1

ex =™ xosTlrxax s g ixex sy~

= A+ CX'31xy-1

Therefore,
ECW, @ = W, A v
and
- - _ _ - - - =1 ~—1
ECWz(b Avd Ch—-Av) Wz) wat WQAWZ + wzcx =z XD v, C1.4.2>

Harville (1976) derived the MMSLUE of W<y, 3 allowing

- 5§ -



for any matrix A, as
WCv, @ = Wip + WiAD + WiaX A"Lcy-xai | €1.4.3>
where
v (AX A XAt Acx a1y
The estimator Q(v,ﬁ) may be rewritten as
WO, = QU]+ W5A -WZAXTATIXAD © o+ wiax a1y
Let,
= - w - o F '-"1
ky = (W7 + WHA - WoaX A" 3xa)
Ko = CA'X A7ixa>™1 A x a4
. - Cl1.4.4>
Ky = W AX A

k, = k1 k, .,

50 W, 3> = Y, Y+ ky ¥
= (k4 + kg Y
and  ECWC, ) = (k, + kgd X A »
The dispersion matrix of ﬁ(v,ﬁ) iz given by
ELCWCY, 3> ~ ECHCo, @) 12 = Cky + kgd A Cky + kgd”
where kg and ks are defined by (1.4.4> and A is defined by

{1.3.2>.



CHAPTER 2
ESTIMATION OF PARAMETERS AND FPREDICYTION OF FUTURE

OBSERVATIONS FOR A GENERAL RANDOM COEFFIGCIENTS MODFEIL

2.1 Introduction
In this chapter, we shall introduce a more general model
than the one considered by Pfeffermann (19845, Let
Y, = X4 By + ey €2.1.1>
Y, = Xq 35 + €, €2.1.2>
where Y:1 is an N-vector of observations,
Y2 is an Nl—vemtnr of unobserved future observations,
Xy is an {NxP) design matrix of rank P,
Xz is an (lePi) matrix of unknown values,
3 18 a P-vector of unknown stochastic regression
coefficients,
3, is a Pi—vector of unknown stochastic regression
coefficient,
ey 18 an N-vector of random errors,
e, 15 an N1—ventor of random errors.
The vector of random errors e’ = Ceg : e5) is assumed to

be distributed with

ECEi) = 0 o, ECe,> = O and
- e, e’ Py by
gl 11 172 = o2 11 12 § = o2 ¢ €2.1.3
o8y e,e, 42 £33

where ¥ is a known positive definite matrix and o is an

- 8 -



unknown pogsitive constant.. Further, EUppLEe t.hat the
gtochastic vector 37 = (87 : (3} satisfies the relation
3= A1+ U, €2.1.4>
where A~ = {Ai P AY),
and Ay 15 a (PyxK) matrix of known values with rank K,
Azlis a (Pixk) known matrix with rank K,

v is a K-dimensional known or unknown fixed vector,

->

U’ = cui : U3>, where U; is a P-vector of random

arrors and U2 is a Pi—vectnr of random errors.

¥We also assume that.

Agy A2

ECU = 0 , EU™> = o2 = 0% A €2.1.5
A2 By
and
ECle™> = o2 | 11 “12 | _ 2 4 C2.1.6)
S21 Y
where e’ = (e  : ey2, U = €Uy : U ), A is a  known positive

definite matrix and & is a known matrix. & may not. be a
gymmetric matrix. Pfeffermann (19843 considered the above
model with & = 0 and ¢? = 1. The analysis of the data when &
M O needs a special treatment. Moreaover, Pfeffermann (19841
did not consider the problem of predicting the future
observations vector whén the parameters of the model are
stochastic and the vectors of random errors are dependent.. In
this chapter, we are going to consider +tLhe following

pProblems,



¢ i) Estimation of the linear parameteric functinn of the

type
W, 3> = Wi » + W, 3,

where W1 and wz are two given vectorg with suitable
dimensions, when ¥ is known and 3 is unknown.

€ii) Estimation of W(v,3) = W/ + Héﬁ when both » and (3 are
unknown,

(iii) Prediction of the future abservations vector, Y,.

In the following section we shall consider the problem

stated in (i),

Z.2 Estimation of WCy, ) = wiv + W.3, when v is known

Theil (1963) considered the problem of estimation of the
stochastic regression coefficients using a Bayesian appreach.
Rao (1968> and Pfeffermann €(1984) followed the non“Bayesian
{classical) approach to study the problem.

They assumed that all vectors of random errors are
independently distributed. The regression analysis of data
when the errors are correlated needs a special treatment., see
Goldberger (19623.

Ye want to obtain the minimum mean equared linear

unbiased estimator (MMSLUEY> of Wdp,3) = Wiv + W3 when the
errors are correlated. Let
TCY,) =t + 7 Y, ,

be a linear estimator of W(v,3), where ty is a non-stochastic



N-vector and LO g a scalar. The best choice of to and ti is

given by the following tLheorem.

THEOREM 2.1

The minimum mean squared linear unbiased estimator of
WCv, 3 = Wiv + Wo is
o » .
T*(Yi) L S Y 1
The wean squared error of T*(Yi) is
MSECT,(Y,2> =02 T AT+ 202T &D+02D" =D
where
L R | -
ty = Q [ Xy H AV, + H 8 W, ] ,
W - - .
t, = (wi + ¥y A - ty Xy Ap v ,
Q = (X4 HAH Xy + 2 Ki H & Hy + H £ Hyd

H = [ Ipxp opxpl] , Hy = [ IngN ONxN1] ,
)
ty Xy H -~ W,

o
il

Fl - *.-
Xy is given in (2.1.1), A and Ay, are given in (2.1.4D>, A

is defined by (2.1.8> and & is given in (2.1.6).

Proof:

Let. TCY ) =t + ti ¥, be a linear estimator of W(w», 3> =

Wi + W53. For T(Y;> to be unbiased, we must have
EKETCY1) - WG, ] =0 C2.2.2>
where ¥ denotes the joint distribution of Y and ;3. Taking the
expectation over ¥ the joint distribution of Y and 3, we get

E{ET(Yi) T WG] =ty kb X A - Wiv ~ WoAvp .

- 11 -



From C€2,2,2> we have
Lo + Ly Xy Ae = Wev + Vo A v
or
Now, the MSE of T(Yi) ir given by
MSECTCY 3> = E [TCY ) - W, 31%

= - T - WA

= E:[t,D +ty Y, W, v LETEY 2.2.4>
Using €2.2.3», (2.1.1> and <(2.1.4), (2.2.4> can be expressed

ag
o . . - - .82
MSECTCY 3> = By [Wyw + WoAv ~ LiX A0 + L1Y, - Wiv - wzp]

. Z
= Eg [WoAv = LiX 400+ 11X, - wéﬁ]

= EﬁquAp ~ tixiAiv + L1X1(A1v+U1) + t1e1

- - =
- VoAV - wzu]
- -~ z

Suppose that  H = [IPxP :_onpi] and H; = [INxN ; °NxN1] ,
Then
2
MSECTCY, 3 = Ettbixiﬂu + tiHe - wéu]
= Eﬁ[{tixiﬂ ~ ¥W3oU + tiHie]z
= (L X H — W5> ECUU™D CLiX.H ~ W'
+2(t1XH—w?')E("ﬂ"JHf + t. HF‘(PP'}H

179
= aﬂtix HAH xiti'— 2 o t1¥1HAW9 + o w;awg

1ty

2 2 -
By differentiating with rﬁspect,tu ti, we get
MSECTCY, > | o

oty

= 2 o®XHOH'X{t, ~ 20%K,HAV, + 402X HOH b,

- A2 -



- 2 - =z o
20°H,6 W, + 20 leﬂiti .
Equating the derivative to zero, we get
z -+ - 2 - 2 r 2 -
207X HAH Xty + 4o X,HeH, 1, + 20 HiZH b, = 20°H,6 W,
+ . 20%X , HAV.,
or,
[xqHan“Xg + 2x HEHZ+H EH; Jty = (X HAV, + H 57V, ]
Let Q = (X HAH'X] + 2X4HSHy + H TH), and assuming Q to be
pogitive definite matrix, we obtain
| .
tl Q (X1HAW2 + Hié Wz} 2.2.6)

Bubstituting (2.2.6) into (2.2.3) we get

W r - . -
L = [w1 + Wy A -ty XiAi] L €2.2.D
Thus the MMSLUE of W(w,3) becomes
* -
TuCYyd = L0+ L7 ¥, €2.2.8

where L: and Lr are defined in <(2.2.7> and C2.2.6)>
respectively.

The mean squared error of T,(Y;> can be obtained by
replacing the optimal values of LD and t1 given by (2.2.7)
and (2.2,8) respectively into (2.2.4)>. This completes the

proof.

2.3 Egliwation of W(1, 3 when 1 is unknown
In this section we shall estimate W, 33 = Ve + VW 03
when both @ and 3 are unknown, with » fixed and 3 stochastic.
Let.  LC{Y,Dd = £, + £,Y, be an estimator of V(1,[3>, where

{1 is a non-stochastic N-vector and tb ig a constant.

- 13 -



THEOREM 2.3

For the case where 1 is an unknown vector, the MMSLUE of
W{,3) ie given hy

" .
LuCYyd = 45 + £ ¥

1 ’
where
W s _ =1 -1

G =0 ., 4=, e x A R 2],

Q = X HAH'X  + 2X HEHy + HyZHT

M = (X HA + Hi&™>

P

" .

z = [w1 +A W, - A7X{Q sz] ,

s [IPxP : °PxP1] and  Hy = [INxN ’ ONle]

The mean squared error of L*(Yj} is
MSECL,CY;3)> =0 S'A S8+ 20° 86 p+ o pixy
where

s ot P

FPROOF

For L(Y ) = £, Li Y, to be unbiased we must have

EK[ LCY, ) ~ wcp,aa] = 0 €2.3.1)
From (2.3.1) we get
cb + cl xi Ai p - Wi v - Wz Av =0 C2.3.2>
It follows from (2.3.2> that
L =0 and £1 Xi A1 = (H1 + w2 Ad 2.3.3)

By definition we have



: z
MSECLCY) = E, [’51"191 + tjey - Wiv - wzﬁ]
r - 2
= E, [4.1x1cnip+u1> + tley — Wiv ~ WAw - wzu]
Using (2.3.3) we get
. o 2
MSECLCY D) = Ey [c/cixiu - WU + tiﬂie_l
- = ! = |1 !
where H [IPxP Opxpi] and Hy [ NxN ONle]
Taking the expectation over the joint distribution of U
and e, we gbtain
— 2 - - - L z -, 2 -
HSE(L(Yi)) = o L1X1HAH Xi£1 2 leiunwz + g wznwz
2 - rl _ 2 - -
+ 2 0 £1X16H1£1 2 0 wzauici
2 Fl -
+ o Liﬂizﬂi Li . (2.3.4?
We now minimize the MSE(L(Yi}) for the choice of £1
sub ject to the condition
£1X1A1 = (Hi + WzA)
Let
— 2 ’ — i — -
F = MSE(L(Yi)) 20 (tixlAl “1 WzA) A,
where A 1ig a vector of Lagrange’s multipliers, and MSE(L(Yi}}
ig given by (2.3.4),
Now, diferentiating F with respect to Li and with
respect to A, we get

aF

— ] - - _ 2 2 ery *
52— = 2 o XiﬂﬁH X1{1 20 X1HAW2 + d o Xiﬂéﬂl£i
1
- 2 . 2 - - 2y 5
20 Hl & ¥y + 20 H1£H1£1 20 XlAil CZ.3.5>
and
SF . s . .

Then equating (2.3.8) and (2.3.6) to zero, we obtain

- 18 -



(Xiﬂﬁﬂ X1+2X1H6H1+H1£H1)£1 = (XIHA+H16 )H2+X1A11
and
Let. Q = cxiunu'xi + 2x1HéHi + Hizui) and
M = (K1HA + Hlé 2
If Q is non—singular, then from (2.3.7)> we have
¢ = 0 v, + o7 Ix A
1 2 171
Pre-multiplying (2.3.9) by Aixi we obtain
- - —_ - rd ""“1 - - ‘_1
Then from (2.3.8) we have
L -~ _1 ' - -1 -
A1X Q sz + AixiQ XlAll = H1 + A W2
or,

o - —1 -~ — L4 4 -1
AJX7QTIX AR m W, + ATW, - AJX[QT 1MW,

Assume that the matrix X1A1 is of full rank,

R = AixiQ“ixlAi is non~singular.
Hence, from (2.3.10) we get
A =Ry, + AW, - Alxi0 iny
1 2 171 2
=ubstituting (2.3.11) into (2.3.9> we obtain
R | -1, -1
= Q‘i[ﬁwz + xiAig“lz]
- — - - "'1
where, Z = (W1 + ATY, Aixiq sz).
Therefore, the MMSLUE of W(1», /) when v is
given by
LCY > =4 o v, + x,a,r712] } ¥
L i | 2 171 1

The MSE of LyCY¥42> can be obtained by

- 16 -

C(2.3.7>

C2.3.8

€2.3.9

(2.3.10>

therefore,

(2,3.411)

(2.3.12>

unknown i=

€2Z2.3.13>

substituting



(2.3.12) into (2.3.42. This gives

MSECL,CY;>) = o6y {XHAR'X] + 2K HeH; + HyElg b+ o®ia,
- 20% 1 X HAV,, —~ 20%VW5H] LY
Let ST = li'xlﬂ - Hé and w = T'Hl , then we obtain
MSECL, (Y3 = o%CS +W,0 "4 (S+¥W,) + 20%(S+W,) "oy + oy Iy
= 20%CSHW,) TAW, ~ 20%W Sy + aZWoAV,,
= og*S AS + 2ais‘5w + 0%y Ty

This completes the proof.

Corollary 1:

The MMSLUE of Wéﬁ ig given by
_1 - ,_1
alY,d = CHW, + X1A1R 252 Q@ Y,
and the MEE of a(Yi) is
MSECacY, 2> = 0281A81 + 20%816p, + o*yps Ty
where,
Sy = o X H — Wy oy o= ol
_ e T
= cMHz + X4A R 22) Q

- _ - - —‘1

N
bo
|

Q, R and M are given in Theorem (2.3,

Corollary 2:
The MMSLUE of W,v is
7Y = Wi AR vy
and the MZE of y(Yi) i

MSEC(Y 2> = o%S;AS, + zaZSééwz + oFyoEy,

- AT



where,

r

" I T
p, = cq‘1x1A1R”1w1>’ H,

Q, R and M are given in Theorem (2.3).

2.4 Prediction of Yz

In this section we shall consider the problem of
prediction of Y,, the unohserved vector of future observa-
t.ions. Let n be an arbitrary (N xN> matrix and iz = nY, be a
predictor aof Yz.

The matrix n that makes Qz unbiased and minimizes +the

MEE of ?2 is given by the following theorem.

TREOREM 2.4

The minimum mean squared unbiased predictor of Yz is
] L
Yo =0 Yy (2.4.1D
and the MSE of Y3 is
MSEcﬁg) = 0%V AV + 2 0%V SN + o3N'IN €2.4.2>

where
nto= { [3+ Xpap - Jx7Q7MxgA; + TiHIQTIX A
! =1 4 - . —1
CAjX;Q1x A Al] X{ + I,H; } Q1 ,
Q = (X1HAH Xi + 2 X1H6H1 + Hizﬂi} . .
J = OHLAHT + Hg8'HTD
Iy = (XyHopo + Hasd

Vo= " H - X H

—-18.—.



N = <n*x1 - Hgyo ,

Ho= [IPxP ’ Opxpl] ' Hy = [INxN ‘ ONxNi] ’

i

PROOF :

I 1 0 ] and Hy = [I ) : O -
[ P, xP P %P, 3 NyxN leﬂij

For §2 t.o be unbiased we must. have

EECnYi

- Y53 =0 £2.4.3>

where & deontes the joint distribution of Y and 3.

From (2,4.32> we get

n X1 A1 == X2 Az CZ2.4.4>

The MSE of Y, is given by

MSE(Yz) = Ea(nYl - YZ) (nYl - 32) CZ2.4.85)>

Ve consider

ny - Y,

= nlXyy eyl - Xy By - ey

= (A + U2 + e, — XA + UL) — e
1i*™M 1 1 2-72 2 2

= nXiAiv + nxiﬂl + ey — Xzﬁzv - quz - e,

Using (2.4.4> we have
iy~ Xp = Xl - XUy + ney -ey
a= nxiuu - XEHZU +* nHie - Hae £2.4.06>
where H o= [1PxP : opxpi] , Ry = [INXN : oNle] ,
H=[I : O ]andll=[]1 N ¢ J
2 P xP P xPy 3 NyxN NyxNy

Then using (2.

HSECY 5D

4.0) into (2.4.8) we get

+ (nxiﬂ - X2H2) EdUe )(nHl - H3)

(nX4H - XoHoJ ECUU™) (nx1H - Xsz)'

-
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+ (pHy - Hgd ECee™ (nH, —~ Hyd~

F

173 - - - 2 - - - z - - o
= o "nX,HAH X,n o "nX HAH X, A Xzﬂzéﬂixin
2 - ra . < -
+ o®XH AHSX, + o®nX, HeH[n o*nX HEN,
- 2 - - 2 - 2 - - - F
a?X M 8Hin  + 0N H BHS + o®nH 8 H X n
2 -+ w - -4 ’ . -+ - 2 - -~ -

-

+ o®ni TH " - ol ZH - o®H ¥Hn
+ 0PH4IH, €2.4.7
Now, we minimize a linear functional of MSE(?Z) for the
choice of n subject to the condition nxiAi = XzAz
Let. ¢ = tr MSECY,> — 20%tr<A{Xin” ~ AZX5D> u
where o, a matrix gtands for the Lagrange’s multipliers and
tr(fl> denotes the trace of a square matrix Q.
Using €2.4.7> we get
¢ = 0% tr pX HAH'X 0" ~ 20% tr X H,AH'X(n" + o®trX H, AH X
+ Ecztrnxiﬂéﬂin' - zaztrﬂaé'ﬂ'xin' - ZQELrXZHzéHin'
+ 20°trX Ho8Hy + o*trnH,ZHin" - 20%trH EH R
+ o*trHgTHy — 20%trA[X n" - AZXS) u
Differentiating ¢ w.r.t. n and u we obtain
o e 2 o e 2 .
Feal 20°MXHAH X ~ 202N H,AH X + 40%X HEH]
- 20%Hg8 " H X = 202X2H26Hi + 202nH12Hi
- 20%HgTH] —~ 20%pATX, €2.4.8

O 2
— 20°{nX

1A1 — Xzﬁz) : (Z2.4.9)



Equating both derivatives to zero and solving for n and
M, we get

n(xiﬂAH Xi + 2X1H6H1 + H1£H1> = X H,AH X1 + Haé'H Xi

+ X HydH  + HgSH, + pAlX] ' €2.5.10)
and
nX Ay = XA, €2.4.11)
Let Q = (X HAHX] + 2X HSH{ + Hizuii

1

J
Iy = (X HoS + Hatd

(Xzﬂzdﬂ + Haé H >

Then from (2.4.10) we get
- - ") -..1
n = {J + HA DX+ T H OQ <Z2.4.12)
Post-multiplying <(2.4.12)> by X1A1 we obtain
NXgAy = CCJ o+ pADX; + THDQ X A,
From (2.4.11) we get
P =1 _
CCJ + MAIOX4 + T HIDQ X Ay = X4, (Z2.4.13>
Relation €(2.4.13) gives
M= (Xghn = IX7QTMX A - LI, A A0 I AT 2.4, 140
Substituting (2.4.14) in (2.4.12> we obtain

“ cixco=tx A —1 H-o-1 e o1 —1, 1 -
" = {[3vex a,-3x[07 X A T HIQT X A v ca X 07 N A a5 ]%;

. —1 L.
+ Iiﬂi} Q €2.4.16>
Relation (2.4.18) gives an optimum choice of n. Therefore, an

optimum predictor of Yz is
o W
Yo=n Y,

Now, replacing n in (2.4.7> by n* we get.

nsac?ﬁ) = o2V AV + 202V SN + oZN"EN
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where

-

Vo o= ("XqH = X H,)

Thisz complets the proof.

and



CHAFPTER 3
SHRINKAGE APPROACH FOR ESTIMATING STOCHASTIC

REGRESSTON COEFFYCYENTS

3.1 Introduction

SteinIC1960), Sclove (19683, Hoerl and Kennard (19703,
Cbhbenchain (19783 and others introduced shriﬁkage approach to
estimate the parameters of the linear regression models.

Ehrinkage approach is used to reduce the variance of an
estimator. But reduction in variance causes an increase of
bias. However, under certain- conditions the reduction in
variance overpowers the increase in squared bias and hence,
in terms of MEE, a shrinkage estimator dowinates, under
certain conditions, the usual least squares estimator.

To the hest of our knowledge this well known approach
has yet not been used +to estimate the unknown stochastic
regresgion coefficients. In this chapter, our aim is to
introduce this approach to estimate a linear function of the
random coefficients of' a linear regression wodel. We have
shown that in some situationz, the shrinkage estimators of
the random coefficients have smaller MSE than that of Lhe

minimum mean squared linear unbiased estimator.

3.2 Shrinkage EstLimator of a Linear Function of StLochastic
Coefficients

We consider the model defined in €2.1.1) - ¢2.1.8). For

-— Y



2 = 1, The case

simplicity we assume that ¥ is Known and o
where ¥ is unknown is considered in section 3.3, Let

DY 3 = € T, (Y €3.2.1>
where C is an arbitrary constant and T, €YD "is defined by
(2.2.8>, be an estimator of W(w,3) = Wiv +Wéﬁ, Wy and W, are

two given vectors.

Now we are going to study some properties of D*(YI).

THEOREM 3. 1
For fixed C,
(4> MSECD4CY;> = MSECT,CY,)) + (C-10% EyCTy(Y, )%
+ 2C0-1) E{{E*CYi}CT*CYi) - H(v,ﬁ))}

CAALd) The value of  that minimize. HSE(D*(Yl)} is

o Ep (T, (YD WCs, (333

z
By (TyC¥, )

where,
- 2 _ W - L
L % (Hi +H2A) (Wi + WA v,
4-* Fl - -
E€(T*(Y1) WCp, 302 = ty I H1(XAvv A + XA + &)
MSE{T,(Y,3> = T'A T + 2T°SD + p'ED ,
Hy = [iNxN : Owal], LT, T, and D are defined in

theorem 2.1 of section 2,2,
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Proof':
By definition

- : z
HSE(D*CYl)) = E CD*(Yl) - T*(Yl) + T*CYi) - WCw, 33D

¥
2 . 2
= EgCDyCY D = To¥ 3% + BuCTCY,> = Wi, @)
+ EE&{(D*CYl)-T*(Yi))CT*(Y1)~W(v,B})} €3.2.2)>
Using €3.2.1) into €3.2.2> we obtain that

= g2 2
MSE(D*CYl)) = MSE(T*(Yi}} + (-1 E&CT*CYi))

+ 2(0~1)E£{&*c31)CT*<Y1} = W(v,ﬁ))} €3.2.3>
Now,
EgCTyCYy20% = VarcTy(¥ d) + (Ep(T, (Y3337
| w b MO AL X 2K 8, o+ 40t
+ VTCH + WIADT W) + WA C3.2.4
and
By CTy( Y, W0, 33 = EE((tg + 1™ Wew, B
= LMW AW AL + E:(ti*YICWiv+Wéﬁ)>
= LRCWIHWL A + LK A VWY
+ E&(ti* Y, Vo . €3.2.5
But.,

I* - — -3 -,
= E&(LimﬂiYﬁ'Wz) , (3.2.6>

h H, = [1 10 .

where 1 [ NxN NxNi]

From ¢2.1.1> and ¢2.1,2) we have
X 0

Y=X3+e , where X = [ 1 NxFy ] 3.2.7>
“Nnoxp %2

Then, using (3.2.7) into (3.2.6) we get

- DR



E{(ti*Y1w5ﬁ) = ti*uleaccxa + e p> W,

= timﬂiE&CXﬁﬁ' + eV, . C€3,2.8>
But from (2.1.4) we have
EE(ﬁﬁ') = E CAv + D CAv + U2

Av v AT + A (3.2.9

and also
E{(eﬁ > o= Ea(e(Av + 37D

-

= Eﬁ(eU') = & (3.2.10>
Hence from (3.2.83, (3,.2.9) and (3.2.10) we obtain that

- Bt r e - -, - .
EECL1 Yiwzﬁ) = ti H1(X Avey A + XA+ &6 }Wz (3.2.41>
Substituting €3.2.112> into (3,2.8) we find

—— * - - * -
Ey CTo LY OWC0, 303 = LOCW] + WoAdL + "% A uWiw

+ ti*HICXAvv'A' + XA +67OW, <3.2.12)

Using (2.2.7) into (3.2.12> we get
_ l* - - -~ - -,
By (T, Y, OWCw, 3D = ¢ {hichuu AT+ XA+ 67> - X A A }wz +
+ pICWy o+ WA " cwi + WA (3.2.13>
Now we minimize MSE(D*(Yi)) given in (3.2.3> for the

choice of €. The optimal value of € that could minimize.

MSE(D*(Yi)) is given by

w _ EeLTW (Y OWCw, 3]

H C3.2.14)

2
Ey[Ty(Y,]

This completes the proof.
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A comwparison of MSE’s of b,(Y,> and T*CYi) iz made in

the following theorem.

THEOREM 3.2

MSECD, (Y, ) S MSECT, (X3
c=cg™*

where ¥ ig defined by (3.2.14).

Proof:

In Theorem 3.1 we have proved that HSECD*(Yl)} attains
its minimum at C = G w 1, but if € = 1 then,
MSECD,CY 2> = MSECT,(Y,))

hence,

MSECD, (Y, >) < MSECT,CY,))

C=™
3.3 Shrinkage Estiwator for W(, 3> when » is unknowun
In this section we éhall define another eslLimator for
WCv, 3 when v is unknown and o2 = 1 . Let
G*CYib = a L*(Yi} ’ €3.3.1>
where, “a" is an arbitrary constant and L*(Yi) is given by
(2.3.13>, be an estimator of W(p,3 = Wiw * W53. The optimal

- L]

value of “a” ig given by the following theorem.

THEOREM 3.3

For fixed “"a* ,

. 2 - 2
CAD HSE(G*CYl)) = MSE(L*(Yl)) + Ca-1) Eﬁ(L*(11))

— T e



+ 2(a—1>E{{L*cY1)<L*CY1>~w<v,ﬁ))}

(4L The value of "a" that minimizes HSE(G*(Yi)) is given by

PE. ” " - -
- {1 {XiAivwiv + H1(hAvv A + XA + & )Wz}
a =

-3t - e - - . - - .
61 (X1A11X1 + 2x1511 + 211) 41 + v (ui + WZA) cw1+w2A>p
where ér, Hi and MSECL, (Y22 are given in Theorem 2. 3.

Proof:

By definition we have
MSECGCY 35 = EpCG, (Y > — LyC¥ ) + L LY,D ~ WG, @72
= NSECL, (Y5> + Ca=10% B (L (Y,;3>?
+ 2ca-1>Eﬁ{L*cr1) (L CY D — WCv,ﬁ))}~ €3.3.2)>
But,

2 - z
E§(L*CY1)) = VardL, (Y, 00 + [B&(L*CYl))]

- M - H
LI cxiAiixi + 2X1611 + Eii)ci
+ P (W + W AW, HEA) v (3.3.3>
and so
- -3 - - "
EKCL*CYi)W(v,ﬁ)) = h£(£1 Y, (W e + Wo33) C3.3.4)
Using (3.2.11) into (3.3.4> we get
—_ J* - I* . - - -
Ep (L (Y IWCR, 333 = £) "Xy Aq WL T Hy CXARE AT +XA+S OV, (3.3.8)
The value of "a'" that minimize MSE(G*CYi)) given in
$3.3.2), is

o EellylY OWcw, @

a™ = €3.3.06)
- 2
Ey(Ly €Y,

Uging €3.3.3> and (3.3.8) in (3.3.6) we get



- Mt P PR -
3 & {31A1vw1u+H1CXApu A +XA+S >w2}
a¥ = — . $3.3.7>
1M O Ay g X F2K 81 4 +E DL 07 CHIHWLAY T (WS WA

This completes the proof.

Not.e that the value of a™ given by €3.3.7> is not
nperatinnal'because it ig a function of the unknown parameter
vector 1. Thus, to make a™ operational we use the MHSLUE of »
which is given in Corollary 2, page (18).

Thig gives

Y e e NS -
z; {xiniuw1u+H1CXAuu AC+XA+S )“z}

= — €3.3.8
J* - * “f - o - - - -
£1 (X1A11X1+2x1511+211}£1+v (w1+w2A) CW1+W2A)P
Now, consider
— o .
FuCY > = a L (Y,D €3.3.9)

where 5* ig given by (3.3.8>. In the following section we
shall study some properties of ﬂ*(Yi)
3.3A Some Properties of ,(Y,)

¥e have
" Fy ~n . Py - Wt Lkl I - - M
Buc¥ > = {2™X A2 W 21y + €], CXABDTAT XA OV L] Y}
i CR By X H42K, By HE o DLIHD  CHLHWLAD " CHI WAL -
{ 1 “RaB11RqTeRy O T2y 20T Ry, 1%¥2 ”}

€3.3.10>
lLet
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- M ’ N

=
|

-

M o= W +WHA> “CWI+WAAY
o pv W _ -3

- Mt
c = £ H XA ,

< €3.3.11)>
— - - Ml

- . ] - + MW

v
il

'I“Yi H

and y = @1 x; A, 71"
Then substituting ¢3.3,11) into €3.3.10)
8, 0,0 = { TYY, Y{w EY, + CuY,YIy mY, + dY, }
| -1
{ b+ Y y MyYg } €3.3.12)

But. we have

o ~1 1 -1
{ b+ Yy MyY, } = { BCL + = Yiw HyY,) }

Pl1 e S vy, 10 C (3.3.1®
| J— L - w y . 3,13
- [ =Yy : ]

1
And now if {E Yiw'ﬂin } <1 , then from (3.3.13> we get,
.. -1 1 r
{b + Yoy Mle} 5 = [ L - = Yiu MY ] €3.3.14>
Then, using (3.3.142) into (3.3.12) and taking expectation, we

find out

1
g8, CY, ) & - E{[rwyiylw £Y, + CpY, Y iy mY, + in]

1
- ;; Et[%inYiw Y, Yy Hin *+ GinYiw inYlw MY
+ dY, Y erll €3.3.16)

Ve assume that Yi ~ NCu, T>, where

- 30 -



H=X,Av and T = (Xiﬁilxi + 2K 8,4 + Z440,
Let nqy = X1U1 + ey and Y1 = uptn . Gleaply

=L
ny ~ NCO,T> and Ry =T “p; ~ NCO,ID. Ve may write
i 4
Y, = p+ T?R, . €3.3.16>

 and using €3,3,165 into (3.3.18> we get,

1 1 i >
2 2 L 2y
Ea(@*CYi)) oy c Ey{rw (T Ry I CutT Ry > "  £CU+TR D
i _!._ i _;l_
+ CpCu + TR Cu + T2R)D “p/mlu + TZRD + d(u+T2R1)}
1 i i i i
oz T N ops T Zp -
= wm B ry Gt TR D GATER D E QTR D (e TR 3
b2
' 1 3 i
w MpQUT?Ry > + CpCp+T?R, > CurT?R D 7w
i, L LS
CUrT?R,> C(u+T?R, D "y My (TR,
L L L
+dpCurT R, D (TR, D "y MyC e TZR D } €3.3.47>
Taking expectation term by term into (3.3.17>, we obtain

t.hat.

r
EyC8,CY,> = - [ W Wty + yTw fu + zutrTw‘r]

d

c
* - [&up'w'my + wTy 'my + zptrTw'm] + -
b
r » L4 - - - - -
= — {wuu ¥ fup w My + ppp g €Ty Myp
b2

+ dup’y  ppptey ST & yTy Tup y Hpp.
+ ZyTe Ty Myu + pTw MyutrTy

+ 22Ty Ty My + trTy € LTy My
+ 2Ty MyTy fu + yTy 'y trw'MwT}
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- — {wuu'w'mpp'w'MWH + ypp " nTy " ppp
o dppTy gty mT 4 Ty mup w” app
+ 2Ty 'mTy Myu + Ty MyptrTy 'm

+ 2uC2trTy mTy Myywu + trTy mtrTi” Ny
+ 2uTy MyTy my + wTw'mptrw'HwT}

- — {wpp'w’nwmww’uwmzwtrm’Mw} €3.3.18>
b2

The expression which gave the MHSE of @*(Y1> is very

complicated. And so we shall compare MSE(H,CY;3>  with

MSECL*(YIDJ by means of simulation.

3.4 Shrinkage Approach in Prediction

In Section 2.4 we have obtained MMSU predictor of Y,,
which is ?S = n*Yi; where n* given in (2.4.15%.

In this section we shall consider anothgﬂ predictor for
Y2 which isg given by,

Yu = B 0¥ Y, (3.4.1>

where B ig an (N, xN) matrix.

The matrix B that minimize trMSECy,> is given by the

next. theorem.

THEOREM 3.4
For a fixed matrix B,
S SN - "ﬁi
HSECy,> = (B - I E§(Y2 1’2 > (B - I>" + MSE(Yz)

+ (B - ID E(?ﬁ (?5 - Y07 + Eﬁccfg-yza§;’>cau1>*

- 32 m



The matrix B that minimize trMSE(y,)> is given by

.. ] I
BY = [ 0" Xy A Al + Ay OK] + 2,844 + Eq0 0T ]

>

- - - - -, - f*
[ X CAJUV AL + By 0K5 + Xy o + S5.X5 + 540 ] n*

where n" is defined in €2.4.18>.

Fraof':

By definition we have

]

_ L I “ .

v o - o gt -
e E{(w* = Yz) Citee ™ YZ) + E:(w* - Yz b (Y2 - Y2)
™ 3¢ ot I R gt -
+ E£CW*HY2}(Y*—Y2) +EECY2~Y2}(Y2FY2) €3.4.2)
Substituting (3.4.1) into (3.4.2) we get

— _ s gt B \/ - _ L Pt -
HSECW*} = (B I)EE(Y2Y2 JCB-I> +(B I)Et(Yz(Yz Yz} >

+ Eﬁccig ~ Y 0¥373C(B-ID + MSECY3> €3.4.3>

Further,
ECYy Y57 = o™ ECY,¥> n°*

= MO CA VR A HAL IXJ42X, By +E, 7Y €3.4.4
and
ECYS Y32 = n*E<Y,Y5)

= O CA VL ASHAL 5 XHX B, o485, XH+E, oD €3.4.8)

Relationsa (3.4.4> and (3.4.8> may be used to simplify

the expresion for the MSE of .. It is obvious from (3.4.35

that the matrix B that minimize trMSE(y,> is given by

- " . . o™
BY = [n¥ex capmntag ¢ A %]+ 2X084 + E40 07V

-

F ] P - - — - Nt

(341 4. d)



THEOREM 3.8

If B = BY | then

trMSECy,) < trMSECY)
B=B"

where tr(Q) denotes the trace of a square matrix Q.

Proof:

In theorem 3.4 we praved +that trMSECy,> attains its
minimum at B = B¥. Note that if B=I then LONSECy, ) =trHSECYS).
But. B, w I. Therefore,

trHSE(w*)l < LrMSECY2)
B=B™

Thig completes the proof.
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CHAPTER 4

SIMULATION

4.1 Introduction

In Chapter 3 we proposed shrinkage estimators for a
linear function of the stochastic parameters.

In this chapter we compare using simulation the MSE’s of
the shrinkage estimators and the estimators developed in
Chaptexr 2.

Ag a matter of fact, the simulated results of the
experiments are used to estimate the MSE’g of the estimators
and to estimate the shrinkage constants.

A description of the gimulated experiment is given in

the next section.

4.2 Simulation of the Experiments

First, we assume that 0% = 1 and e ~ N(O,Inxn), where n

= N+N1. Ve generate n random values from N(O,1>, these random

-

i.e. ¢ = (si cee E_D,

values are denoted by €91 €5, 4.0, & n

n'
Then for a given qxn matrix &, a g-vector of random errors is
computed uging the relation
U= 65e
where q = p + Py
Then, for a given k—vector of fixed values v, a <{qxkd—-

matrix of known values A, a q—-vector 3 of stochastic

coefficients is computed using the relation



3= A+ e
After Lhis, for a given (Nxp> data matrix Xi’ an
N-vector of observations Y1 i computed using the relation
Yy =Xy By + &y
where, 37 = (B; : 352 and e = Cey : eé)
Then for a given <(k+qd-vector ¥~ = Wy @ W3 we
calculate W(r,[3) using the relation
WCr, 30 = wi v+ Hé 3
¥hen v i1s known, the estimator T*(Yi) is computed using

the relat.ion

-

g *
TalYyd = to + ty Y,
where L: and t: are calculated using the relations given in
C2.2.7) and (2.2.68) respectively., The shrinkage egtimator

D,(Y,> is calculated using the relation
D, <Y, > = ¢¥ Tcy, >
t el | 1
where ¢¥ is estimated by taking the average of the 800 sample

valueg of

WCw, 33 T, (Y,

[T, (Y 312
For the case when v is unknown, Lhe estimator L*CYi) is
calculated using the relation
LYo = c?éyl

where tr ig computed from the relation ¢2.3.12).

For the shrinkage estimator, we obtain o using the

relation



p = ( th

where Q and R are defined in theorem 2.3, ﬁ(u,ﬁ) is

-1 -
Xy Ai R ]

calculated using

W, @ = W Do+ V, (3

The shrinkage factor ay 1is computed by taking the

average of the BOO sample values of

WCr, 3> LY,

2
[L,CY, 0]
Hence, ﬁ*(Yi} is computed from the relation
GuCYyd> = a, LY )
The MSE's of the above estimators are calculated by

taking the averages of 500 sanple values of each sqguared

errop ( e.g. ( T*CYi) - W, 3D )2 ]

The results are given in the following tables.



Table 4.1

Errors of T*(yl) and

Egtimaled Mean Squared D*(yi)

Py =1 p=1 Ny =3 N=3 n=6 q=2 k=2
. 1. 8 1 0 0 o
xy =01 -1 2 & = 0 -2 1. 0 a1
) (2 3 ]
¥ =01 1 1 113 A =
B 1

THE VECTOR  MSECTGCY,>> T T HsEGDLY s

. = - ——— ——— —— - — — — —
{ o o017 11.92010 1. 214600 11, 90660
t 1 01° 12, 04840 0. 988397 12. 03500
[ .1 017 11. 97000 0. 970390 11. 96880
L .2 .1 17 14. 28400 1.318490 13. B0340
L 1 217 11, 61670 0. 993186 11, 60070
[ .B .6 1" 11. 78070 0.938914 11. 87930
2.1 .7 1° 18, 21480 0. 0833885 15. 10270
[ 0-.11° 10, 93790 0. 628892 10, 82640
[ o -11° 10. 23820 1. 020600 10, 22710
I o -3 1° 11.19010 0. 976844 11.07720
[ -1 1° 11. 27360 0. 808413 10. 90180
[ -1 17 10. 32730 1. 190090 10. 18080
[ -2 17 11. 78760 1.123670 11. 76320
[ -1 -1 1~ 08. 82317 0. 268200 08, 68116
-1 -.1 1° 07. 09393 1.202860 06. 88071
(.0B .0B1° 11, 68200 0.721687 11. 88690
[-.01-.011" 12. 28080 0. 816637 i2. 268970
£ 2 -1 737 11. 46140 0. 9868331 11. 43500
[ .o .8 17 12. 27310 0.978120 12, 21460
[~.2 -4 17 12.83180 1.106800 12.68110
E 4 3 1° 12. 94060 1, 007000 12.83200
[ 17 1 17 07. 74278 1.002890 07. 60016
t 3 19 1° 11. 36010 1.002840 11. 26830
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Table 4.2

Estiwmated Mean Squared Errors of T*(yi) and D*(yl)
N1 = 3 n==a q = 2 k = 2

1 3 1 0 0 o

Xy =[1 =1 2] 5 = 6 -2 -1 o 3 1
) ) 2 3
o= {1 1] W, = [1 1] A= 5
THE VECTOR MSECTLCY,5> &% MSECD, (Y>>
N N T o
[ 1 2 1° 12, 38070 1. 009980 12, 36090
[ 1 317 11. 88960 1.002600 11. 886810
[ 1 B 13° 11. 29240 1. Q0B760 11. 28270
I 2 373° 11. 32820 1.019320 11. 23100
[ 2 417 13, 06380 0, 997004 13.06110
[ -1 -1 1" 10, 87910 1.019760 10, 84730
[ -1 817 11. 32760 0. 989485 11, 30280
{ -1 10 1~ 08. 97206 0. 996081 08. 926890
[ -8 217 12, 20200 0, 990873 12. 19680
E 3 -1 1317 10.43150 0. 998648 10, 42820
L 72 21 12, 69800 0. 962515 12, 13610
L 9 11° 10, 39010 0, 988871 10. 33610
r 9 3 1° 11, 33270 1.002900 11. 32790
[ 3 81 18, 43750 1.012890 18. 38700

—
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Table 4.3

Ezstimated Mean Squared Errors of T*(yl) and D*(yi)

Xy =1 -1 2] S = et o090
0 -2 -1 0 3 1

) ) 5 3
v’ o= 01 13 ¥, = [1 1] A= 5 4
THE VEGTOR OMSECT,(Y,>> el —ﬁseco;z§;§; _____
.- T e e e
[ 1 217 40. 35430 1.061080 38. 99870
[ 1 3171° 102. BO6O 1. 019630 102. 3630
r.-1 B2 264 . 5600 0. 986482 264 . 3180
{ 2 381 77. 03230 0, 9077331 76. 86790
E 2 417 190, 7300 1.080740 187. 4520
[ -1 -1 1~ 11. 12490 0. 906423 10, 39200
[ -1 B 1° 478, 8910 1. 042800 474. 1790
L -1 10 317 1363. 840 0. 980148 1382. B20
[ -8 217 487. BO60 1.047490 487. 3110
fE 3 -1 1° 199, 3610 0.918468 198. 5430
L 7 217 346. 9680 1. 030870 344.7400
[ o 117 892, 5490 1.040230 887. 9640
L 9 31317 627.3470 0. 983486 - 626. 1960
[ 3 81° 882, 7930 0.987146 844 . 0600

——
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Table 4.4

Estimated Mean Squared Errors of T*(yi) and D*(yi)
Pf=1 P=1 N=3 N =83 n=6 gq=2 k=2
, 1 3 1 0 0 0
X; = (1 -1 21 s =
0 -2 -1 0 3 1
v’ = (1 1] W= (111 1]
THE MATRIX MSECT, (Y13 c* MSECD,C(Y1))
A
T 1)
08. 53214 1. 060930 08. 39629
| 1 1
T
11. 88260 0. 898418 11. 86940
o 2
4 6] )
10. 93880 1.107990 10. 92240
-8 2]
1 =1
L g 11. 84180 1. 092190 11. 80450
ca D
10. 47120 1.002320 10. 47080
11 1 |
o
o 1 10. 41290 1,061020 10.385210
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Table 4.5

Estimated Mean Squared Errors of T(yy> and D _Cy,>

Pp=1 P=1 N=3 N =3 n=6 q=.2 k=2
8 -6 1 3 1 0 0 ©

A= &5 =
-3 2} 0O -2 -1 0 3 1

v o= [1 1] W =11 1 1 11

THE MATRIX MSECT,CY,>>  ¢* MSECD,CY, 5>

s VO A _— —_—

Lt -2 1 371° 1061. 66 g.46183 808. 030

E 2 1 8B 1° 1019.92 6. 27008 7TB7.476

[ 6 2 471° 821.783 6. 60686 B538. 668

r 2 1 117 1308. 70 9.37803 538. 141

[ 100 100 1001~ 1141. 60 8.40138 B41.078

f -4 -7 -9 71° 13¢3. 08 8.78183 741.033

I -8 3 61° 1201. 37 7.08882 882,032

{ .8 .8 .81 1086. 76 8.62194 478. 039

~ 42 -



Table 4.4

Estiwated Mean Squared Errors of T*(yi) and D*(yl)

- B _ﬁ
Xy =101 -1 21 A=
: -3 2
. =0 1 11 ¥ =101 1 1 13
-2 1 B 0 0 0 MSECT*Cfi))ﬂ 2008, B8
5 - * — Ly .

MSECD, (Y, 2)= 1452.31

— - bt —— r— ———— i . e - — —— e

-2 1 B 0 0 0 MSECT, (Y, 2>= 1966. 99
& = c* = 2, 68004

L 0 9 =0 7 6l nsECDcY,>0= 1883, 78

(6 3 9 0 0 0 MSECT, (Y, 2= O763. 81
& = 1

O B w1, 0 7 6_] ¢ o= 3.27?2?

- MSECD,(Y,>)= 0267.89

(6 8 © 0 o0 o MSECT,CY,>>n 7851.906
5 = > .

[0 10 12 1 -9 3] G" = 2.41301

MSE(D, CY,2)= 6937.39

- 483 ~



Table 4.7

Estimated Mean Squared Errors for T*(yl) and D*(yl)

I
b

P=1 N=10 N, =10 n=2 g=2 K=

-

X1 ={1 2+-1 3 2 0-6 9 B 01} ¥ =111 1 11

i1 1 1 1 11111114411 11111
-1 -1 -1 -1 -1 ~-1001114113111411111

——— it e —— ——

T B Bl . e et e e B B R e e [ —

THE VECTOR MSECT,(Y,)) c MSE(D, (Y, ))
1’
[ 0 017 17. 05840 1, 027720 17. 03810
[ 1 013° 24. 03930 1.064190 23. 89430
{ .1 01" 16, 31220 1. 000860 16.31220
[ .2 .1 17 16, 98140 0, 912940 16. 74860
[ 1 2717 18. 81630 0. 962672 18. 72290
£ .B .61 17.79040 1.111220 17. 29700
[2.1 .71° 20.16380 1.007410 20. 185970
[ 0 ~.11" 18. 41010 1. 018690 18, 40300
[ 0 -1 131" 14.88380 1. 028830 14. 88670
{ 0 -31°7 18. 98230 1.071430 18. 63280
[ -1 117 21. 33610 0. 963083 21, 20810
{ -1 1 18. 36260 1, 0BOG680O 18. 138540
[ -2 31° 19, 27730 0.8859018 18. 68330
(-1 -11" 17.71230 0. 941063 17. 88910
(-1 -,11" 19. 39890 1. 048860 19. 38180
[.08 .0B1° 17. B8B70 1. 0863870 17. 47500
[~.01-.011" 18, 33170 1, 066620 18. 20070
{i 2 -11° 17.31740 1.004740 17.31670
L .¢ .81 18, 63430 1. 073730 18. 43B20
(-2 -4 1" 22. 99890 1. 040830 22.95240
[ 4 317 21.90790 1.028070 21, 78680
[ 17 11317 19, 52180 1. 001830 19, 51720

]



Table 4.8

Estimated Mean Squared Errors for T (yl) and D*(yl)

*

P =1 N = 10 Ny = 10 n = 20 q = 2 K =2

xi =[1 2-1 3 2 0-=-6 0 B 01 wi = (1 11 w7 =11 13}

1 O i 1 1 1 4 1111411111111 111
A=[ .

01 -1 -1 ~1-1~-1-100111111111111
THE VECTOR _MSEE;;(YI;; B o MsEcn*cyiaa B
. S W A
[ 1 2717 19. 03230 0, 987171 18, 94010
[ 12 3137 17. 23380 0. DP4280 17. 23140
I 1 B1° 17. 26210 1. 0268850 17.19820
[ 2 317 21, 09090 1., 008360 21, 08820
L 2 417 16. B7770 0. 927280 16, 01680
[ -1 -1 13’ 18, 20440 0. 982386 18. 19720
[ -1 817 10, 22420 0, 992711 19. 22140
[ -1 10 17 17.11940 0. 988678 17.10140
t -8 217 18. 18000 1. 047000 18. 08880
[ 3 -11° 22, 42830 1. 060780 22.27990
t 7 217 23. 52410 0. 92B206 22. 69960
t o 137 17.04180 0. 999816 17.04180
I o a1 19, 63490 0. 96268605 19, 31280
E 3 8 1° 27. 86930 1. 013780 - 27.83880
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Table 4.9

Estimated Mean Squared Errors for T*(yl) and D*Cyl)

Pgy=1 P=1 N=10 N, =10 n=20 q=2 K-=2
Xy =It 2-1 3 2 0~-6 9 B 0] Vi =I[1 11 =01 1]

1 0 1 1 1 1 1 1114111114111 11
3{; 1] 6=[ -1 -1 -1 ~-1-1-1001111%1411111 1J
THE VEGTOR MSECT, (Y, 3> T nsﬁzﬁ;cyi)a _____
. _ e 2 A
L 1 237 38, B0330 1. 0094100 38. 49670
[ 1 31° 79. 84380 0.918833 78. 62490
I 12 81° 209. BOYO 1.002200 209. 5080
r 2 3137 122, D70 1. 000100 122. 9670
[ 2 417 131. 2740 0.994138 131. 2600
{ -1 -1 17 18. 70990 0.918774 18. B6190
[ -t B 1° 139. 7880 1.046220 1309, 1560
[ -1 10 1° 523. 1120 0. 960285 621.3720
L -8 217 201, 8490 0. 946833 200. 8020
L 3 -11° 82, 09800 0.974124 82. 01260
[ 7 21 419. 3380 1. 089360 417. 1940
t © 1 317 712.8460 1.008720 712. 7670
t 2 31° 727.4880 0. 0948638 723. 9780
[ 3 817 618. 4370 0.817118 B846. 6210

- 48 -



Ta

hle 4.10

Estimated Mean Squared Errors for T*(yl)land D*(yl)
P1 = 1 P =1 N = 10 Ny = 10 n = 20 (q = 2 K = 2
Xi =1 2-1 3 2 0-6 ¢ 8§ o0l W= [1 11 1]
. 11 1 1 1 1111111111112 4111
v =[1 1] &=
-1-1 -1 -1 -1 -100111111111111
THE MATRIX MSECT (Y33 o MSECD, (Y 23
A
[ 1 17
16.0789 1. 003380 16.0782
e 1 1 -
2 -1
19. 0048 0, 088972 19.0012
e 0 2-.
[~4 6
19.63B62 1.018160 19.06271
| -8 2
o] -1
15.4961 1,033170 18.4674
-1 -1
"2 =7
19. 5929 1.0B80400 19. 3129
| 11 1
[ 8 —{5]
18. 6916 0. 9998584 18. 6916
|—3 2 :
- 2 1
- 5 18. 2563 0.994723 - 18. 9498

——
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Estimated Mean Sguared Errors for

Table 4.11

T#(yl) and D*(yi}

Py =1 P = N=10 N, =40 1n =20 q=2 K=2
1 0 - -
A= W = (11 1 11 w=[1 1]
01
o 1 1 1 1 1 1111111111111%411
-1 =1 =1 -1 ~1 -1 00 1111111114111
MSECT, (Y, 23= 24.77720
X;y = 1-1-1 3 2 3-2-1 0 0 | ¥ = 0.968767
| HSECD, (Y >)= 24.73680
MSECT,CY,22= 18.12610
X(=10(.8.2.3.4.1.0 2-8 0 1 1 c* = 0.B805BEOL
MSEC(D,CY,23= 17.71100
MSECT, (Y, 2= 22.64230
X; =L B 41 6 7 2 B 3 1 -111 & = 0. 073482
MSECD, (Y, )= 22.61060
MSECT,(Y,)3= 19, HHO0O
Xy =[ 3 9-14-7 2-1-1-8 2 7 ] c* = 1.018360
MSE(D, (Y, 3>= 19, 53710
MSECT,(Y,2)= 22, 61880
Xy =1L 1 2 3 4 B8-7 0 0-1 0 ] o* = 1014100
MSECD,CY, )= 22.61080
MSECT, (Y )>= 19.08700
MSEC(D,CY, )= 18, 78880

A g oy otk ek ey e

bt vty



Table 4.12
EslLiwmated Mean Squared Errors for T*(yi) and D*(yi)
Py =1 P =1 N = 10 Ny = 10 n =20 q= 2 K= 2

xi =1 2-~-1 3 2 0-64 9 B O ¥ = (1 11 11

) 1 0
v o= [1 1] - A=[ ]

———— — — — i e —— —— — - — s i e e e s gy Y W . B T —

s = 1 2 7-8 1 0 0 & 4 14 3 1 1-7 1 1 o 1
-~ =1 -1 =1 -1 -1 -1 Q¢ O 1 1

HSE(T (X, 30= 86. 28690

¢ = 0.871608

MSE(D*(Yi))= 83. 68190

—— e b i ————— — e - T S A A e ek s e —

s=|1 2 7-8 1 06 01 & 1 3 1 1-7 1 1 0 1 1 1
0 2 0 83 1 2 8 4 3-1-1 0 0 4 3-1 2 0 2 0

NSECT,(Y,3>= 81.83200

c* = 0.954087

MSECD,CY,))= 81.68990
s=|1-1 0 0-1-1 0 0 2 3 0 3 0 1 2 3 0 0 1 &
0 2 0 3 1 2 B 4 3-1-1 0 0 ¢4 3-1 2 0 2 0

MSECT, LY 3= 62. 08020

¢™ = 1.086280

MSECD, Y, ))= 61.61620
s=|"1-1 0 0-1-1 0 06 2 4 0 3 0 1 2 3 0 0 1 B
0 0 0 3 21 008 0-1 1 1 1=-1-1-1 1 1 2 1

MSECT, (Y 2= 47.22480

¥ = 1.068330

MSE(D*CY13)= 46. 77320

- —— -— — ———— —— — — — [rry— —— —— —— —



Estimated Mean Squared Errors for

Table 4.13

L*(yl) and G*(yi)

Pp,=1 P=12 N=3 N, =3 n=6 q=2 K-=2
X{ =018 21 3] W o= I111 2)
6 3 © 0 0 o 1 L2

S = A=

[ 0 10 11 1 -9 3 [.3 ?]
THE VEGTOR MSECL,(Y,3) B MSECH,CY, 3D

o
{ 0o 01" . 114 496E+07 0, 143629 17067.5
[ 1 017 . 10894 8E+07 0. 1418600 16028. 0
[ .1 o1’ 886838 0.146048 01297.9
[ .2 .17 891419 0.142418 13206. 3
[ 1 . 21 . 1001 73E+07 0.144810 18228.0
{ .8 .6 1° 801110 0.141692 11864.7
(2.4 .7 1° 866360 0.142078 12771.1
[ 0 -.12 1" 048118 0. 142866 14013. 8
[ 0o -1 1) . 10B138BE+07 0. 148073 18797.3
[ 0 -31° . 104923E+07 0. 139902 161908, 4
[ -1 1 131° 698203 0. 139602 10136. 7
[ -1 | 872187 0. 140836 13268, 2
r -2 317 867841 0. 142670 13418.0
[ -1 -113° 739628 0. 143081 11070.3
{~.1 —.1 1" 941010 0.144149 14009, 0
{.0B .08Bl° . 100B48E+07 Q.142170 14803. 3
[-.01-.011° . 102840E+07 0.143461 16605. 3
[ 2 -11° . 103032E+07 0.142164 16337. 2
L .o .8 1° . 104 0B3E+07 0.145113 16681. 9
f~.2 -.4 17 . 118023E407 0. 148081 18010, 2
[ 4 317 878047 0. 149287 13238. 0
[ 17 117 . B48423E+07 0.141873 46920, 1
[ 3 19 1° . 12661 7E+07 0.187440 36870.8
[-.7 .81 . 110101 E+07 0. 140744 16240.3
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Table 4.14

Estimated Mean Squared Errors for L _C(y,)> and ﬁ*(yi)

P, = P=1 N=3 N =3 n=6 gq=2 K=
Xy =018 21 31 W, = (1 1] = [1 11
6 3 © 0 o0 o0 .
& = A =
o 10 11 1 -© ] [. ?]
THE VEGTOR MSECL,CY,2) 5* MSECT, (Y, 3)
[ 1 2% . 118367TE+07 0. 236483 0B6264.4
t 1 313 . 14 2B68E+07 0. 308810 1246893, 0
[ 1 81" . 2BODO3E+OT 0.423722 427732.0
[ 2 317 . 142661 E+07 0. 308291 123630.0
[ 2 47° . 227691E+07 0. 370364 292082, 0
[ -1 -1 3~ BO4774 ~0. 124690 0130B6. 0
[ -1 B8 17 . 228328BE+07 0.423301 3904B8. 0
{ -1 10 317 . 373272E+07 0. 588860 . 12722E+07
[ -8 2 1° . 118983E+07 0. 243282 060664. 7
r 3 -1 1° 604837 -0. 134643 018623. 0
t 7 21° . 12236BE+07 0. 229913 0B6106. 6
[ o i1° 074879 0. 136443 012937.3
[ 9 31° . 143B34E+07 0. 306309 121028.0
{ 3 81 . 3481 67E+07 0. 6533862 Q71031. 0

- B1 -



Table 4.18

Estimated Mean Squared Errors for L (y,> and ﬁ*(yl)

X{ =018 21 33 Wi = (1 1] vl =11 11
6 3 © 0 0 o0 1 .2

& = A =

[ 0 10 11 1 -2 3 ] [.3 ?]
THE VECTOR MSECL, (Y, 3> A MSECE,CY,>>
. T Y O
t 2 211 . 244388BE+07 . 892961E-01 11221.3
[ 1 31° . T7T4780E+Q7 . 611638E~01 16484, 2
[ 1 51 . 154B87E+08 .4746B1E-01 13770.6
[ 2 317 . 873281E+07 . 660333E-01 18284.1
L 2 4131 . 143368E+08 . B48032E-01 18701.1
[ -1 -1 1° 589092 —. 124421 18838, 3
[ -1 8 17 . 164902E+08 . 419336E-01 18601, 4
[ -1 10 17 . 701802E+08 . 207804E-01 32398.9
(-8 21° . 293B71E+07 . B1B68SE-01 14863. 1
[ 3 -11° 3920070 ~, 214448 12321, 0
I 7 2171 . 4451 3BE+07 . 110386 17882, 1
E 9 1171° 140064E+07 . 184788 16686. 6
I ¢ 31° . B7T9911E+07 . 891 274FE~01, 17907.7
[ 3 81 . 496604E+08 . 304884E-01 22606.7

- B2 e



Table 4.14

Estimated Mean Squared Errors for L,CY> and ﬁ*(yl)

Pp=1 P=1 N=3 N, =8 n=6 q=2 K=2
X{ =018 21 31 ¥'o=11111] v =11 1}
5 6 3 9 0o 0 o0
0 16 11 1 -9 3
THE MATRIX MSECT, (Y, 2D Ay MSECH,CY, 3>
A
[ 1 .4
. 243304 E+07 0. 177769 65648. 200
.9 B
i 1 _"aB-‘
o o 69BB7. 60 0.327787E~01 01109. 580
(3 .6
08490. 67 0.402814 00836. 924
.7 10|
"3 —.01]
. B20838BE+10 0.620365E-01 . 126508E+08
.56 1B
[ 6 ‘4 1
. s 472649 0. 110658 06317. 730
[ 11 2 )
. 5 04133. 658 0. 102486 00930. 010
13 4
.116670E+08  0,720345E-01 68423, 800
-2 19]
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Table 4.17

Estimated Mean Squared Errors for L#(Yi) and ﬁ*(yl)

Py=1 P =1 N=23 Ny, = 3 n=6 q=2 K= 2
W= (111 13 v’ = [1 1]
6 3 9 0 0O 0 1 .
S = AS
0 10 11 1 -0 3 3 7
THE MATRIX MSECL, (Y ) By MSECH,(Y,2)
X4
[ 4 -1 -6 1° 626491 . 682688E~-01 0BBO08. 680
[ .8 .2 .4 1° . 14869BE+07 . 131142 24402, 100
{ 11 -7 8 1° 127016 . 184200 02397. 070
[ -9 3 .8 1° 40730. 3 .197142 01279, 980
[ 1 -8 .781° 8884 . B7 . 339142 00883. 038
[ 10 0O -31° 424862 . T13796E~-01 04028. 600
[ -1 -7 B 1° A13117E+07 .131568 18017. 100
[ 20 -B 13 1° . 60B98BE+08 .113470 TT2048. 00

———— ey . ——— s ey it bt

— ey o — A T A it A W i) . L i e T W bl



Table 4.18

Estimated Mean Squared Errors for L,Cy,> and ﬁ*(yl)

P=1 N =23 Ny =3 n =6

Fy =1
xi =f 18 21 31
v’ o= [1 1]

ey

&
i

q =2

W o= {111 13

H[_

1
3

J2
g

K=2

A,

— — o m—

. OTTTB1E-01

-6 J HSE(L*(Y133= » 168718E+09

MSECB,C(Y,3)= ., 160319E+07

— ———

T A e ek B L Bl S S S il iy U B MM S s o it

——

—6 ] MSECL,(Y,>>= . 148322E+09
a, = .982028E-01
91 MSEH,(Y,>>= . 143408E+07
27  MSEC(LL(Y,>>= 78286.8
9 | By = .145048
MSECH,CY,3)= 1168, 22
=1 1 HMSECL(Y,>>= ,GHEO3TE+OT7
8 ay = .106482
MSEC, (Y, ))= 74664.6

- B -




4.3 Conclusions.

e

The shrinkage estimators proposed in Chapter 3 dominates
the estimators developed in Chapter 2 in the gense of

MSE.

Gur numérical results indicate that the estimated MSE’s

of ﬁ*(yi) when the shrinkage factor is replaced by its

sample estimate are still smallep than thogse of L*(yi).

Our simulation study supports that we get. a better
reduction in the MSE using shrinkage approach when is

unknown than the case when ¥ is known.

Since there is a loss of information when v is unknown,

the MSE’s of L*(Yi) are relatively large as compared with

the case when v Known.

The gain in using the shrinkage estimators is observed in
term= of the estimated MSE. This have been achieved at
the cost of bias. Our shrinkage est.imators although have

smaller estimated MSE but they are biased.
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